WELL-POSEDNESS OF THE EQUATION FOR THE 
THREE-FORM FIELD IN THE ELEVEN 
DIMENSIONAL SUPERGRAVITY 



BORIS ETTINGER 

Abstract. We analyze a semi-linear gauge-invariant wave equa- 
tion which arises in the theory of supergravity. We prove that the 
Cauchy problem is well-posed globally in time for the fixed-gauge 
version of the equation for small compactly supported smooth data. 
We employ the method of Klainerman vector fields along with a 
finer analysis of the nonlinearity to establish an integrable decay 
in the energy estimate. 



1. Introduction 

Let K be a compact 7- dimensional Riemannian manifold. Then the 
product R 3+1 x K becomes an 11-dimensional Lorentzian manifold. For 
a 3-form u on IR 3+1 x K we use the Hodge star * and the de Rahm 
differential d of the product to formulate the following Cauchy problem: 



(1.1a) □r3+i'u — A K u = *(du A du). 

(1.1b) u(0, •) = u o ,u t {0, •) = u x . 

In this article, we will prove the following statement. 

Theorem 1.1. There exist positive N, e such that the Cauchy problem 
U.l\) is globally well-posed provided that initial data is localized in the 
ball of radius 1 in 1R 3 for every point of K and obeys 

\\ u o\\h n (9?xK) + \\ u l\\H N - 1 (WL i xK) — e - 

Moreover, in such a case the solution u satisfies the following estimates 
Wt f ,,^(t)\\vim^K) < Cell + t) 1 ' 12 , 



E 

\a\<N 



^ ||V 4jXi3/ r a ?i(t)|| L 2( ]R 3 x ^) < Ce, 

\a\<N-9 
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(i + t) Yl IIVt,x lW r a p «(*)IU« (R 3 xK) 

|a|<JV-18 

+ (1 + tf 2 \\^t, x ,yT a V >0 u(t)\\ LX{m3><K) < Ce. 

|a|<JV-18 

where Vq, V>q are the spectral projections of the operator Ak defined in 
Section [3J T a are compositions of a subset of Klainerman vector fields 
together with the operator (— A^) 1 ^ 2 , which are defined in Section^ 
^t,x,y ^ the gradient in all the derivatives of R 3+1 x K and C is a 
constant that depends only on N and the geometry of K . 

The theorem is true if the Cauchy data is supported in a larger ball 
but then the constant e has to decrease as a negative power of the size 
of the support. 

The equations have a connection to the theory of supergravity, which 
we explain in the next section. The mathematical aspects of the su- 
pergravity theory have recently drawn the attention in the context of 
conformal geometry [2], [5] , where the space-time was assumed to be 
a Riemannian manifold. The Lorentzian case was investigated earlier 
(see [1] and references therein). 

Our methods are inspired by the work of Metcalfe, Sogge and Stewart 
[9] and Metcalfe and Stewart [10] who analyze the quasi-linear wave 
equation on IR 3+1 x D, where D is a bounded domain in W 1 with various 
non-linearities and boundary conditions. Their results do not cover the 
case in study but we employ some of their ideas in this work. 

The article is organized as follows. In section [2j we derive the equation 
from a gauge-invariant Lagrangian and explain how to fix the gauge. In 
section [3] we recall some necessary facts from Riemannian geometry. In 
section H] we adapt the linear estimates for the wave equation on M 3+1 
to the product M 3+1 x K. In section [5] we perform a deeper analysis of 
the nonlinearity. In section [6], we provide the proof of Theorem 11.11 

We will denote by k a constant which depends only on iV and the 
geometry of K, this constant may change from line to line but for each 
inequality below there is an apriori computable constant such that the 
inequality holds. We will also write A < B to mean A < kB. 

2. Background 

2.1. Physical Motivation. The supergravity theory is a model of 
classical physics, which describes the low-energy, classical limit of the 
superstring theory. The model describes the interaction of the field of 
gravity with other fields. In one of the simplest setups, one considers 
an 11-dimensional Lorentzian manifold as a space-time, with gravity 
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field g and a field, whose strength is described by a closed differential 
4-form F. The Lagrangian is prescribed only locally by restricting the 
attention to an open, topologically trivial subset U of the space-time. 
Then one solves the equation for a potential of F on U: 

dA = F. 

Then the Lagrangian is 

C = I Rdv+ I F A *F + I AAF AF, 



u u u 

where R, dv and * are the (scalar) Ricci curvature, the volume form 
and the Hodge * corresponding to g, respectively. The reader should 
consult [14] and textbooks for physical aspects of this theory. 

2.2. The Lagrangian and the equation. We will simplify our setup 
to consider the product manifold M 3+1 x K as the fixed space-time, 
where K is a 7-dimensional compact Riemannian manifold without a 
boundary. The metric on the product space will be the product of the 
Minkowski metric and the metric on K. We will also assume that the 
field strength F is not only closed but also exact, namely there exists 
a global 3-form u, such that 

du = F. 

Then u will be the dynamical variable, for which we define a classical 
field theory Lagrangian 

(2.1) C(u) = J du A *du + J uAduAdu. 

The formal Euler-Lagrange equations are 

(2.2) d* du = —du A du. 

We will take the Hodge-dual on both sides of the equation and use the 
notation 5 = *d* to arrive to the following equation 

(2.3) 5du = — * (du A du). 

Since our space time is a product manifold then most of the operators 
which act on it can be decomposed in a natural way as operators acting 
on either on M 3+1 or K. We will denote by subscript || the operators 
acting on R 3+1 and by subscript _L the operators acting on K. For 
instance, we will have 

(2.4) d = d R 3+i xK = rf K 3+i ®idx + id]R3+i ®d K = d\\®id K + id K 3+i®d±. 
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The tensor notation should be understood in terms of operations on 
differential forms f2(M 3+1 ) and Q(K). The equation (12 .4p we will col- 
loquially write 

(2.5) d = d\\ + d±. 

2.3. Hodge star and form Laplacian. Let us recall a few simple 
facts regarding the Hodge star operator, which is an operator that 
takes differential n-forms to differential (11 — n)-forms. Let x l ,i = 0..3 
be the coordinates on IR 3+1 and x l ,i = 4. .10 be a coordinate patch on 
K at a point where the metric tensor is the identity and its derivative 
vanish, i.e. normal coordinates. Then the Hodge dual * for an n-form 
v = v i 1 i 2 ,„i n dx ll dx 12 ...dx ln , ik = 0..10 is defined as follows: 

10 

(2.6) *V= (-l) a({iO --- in}) ^ O --- ilO ^0i2...in^ n+1 ^" + 2 ---^ 10 



where 



0, ik = %\ for some h ^ I, 
£ l °~ no = ^ 1, io--iw is an even permutation, 
■1, io-^io is an odd permutation 



and 



a({i ...i n }) 



1, G {i ---in} 
0, <£ {i ...i n }. 

Thus the * operator exchanges the components of the forms, multiply- 
ing those containing the time x° coordinate by —1. Next, we define S 
which takes n-forms to (n — l)-forms by 

5u = (-l) degu *d(*u). 

Lastly we define 

n^+ixx = —d5 — 5d. 
We have the following facts about * and S 

• * * u = (-l) dcgu M. 

• uA*v = g(u, v)dvol, where g is the Lorentzian metric on R 3+1 x 
K and dvol is the volume form. 

• The operator * is an isometry and in particular d * u = if and 
only if Su — 0. 

• 5 is the Lorentzian adjoint of d in the sense that 

g(5u, v )dvo\ = J g(u,dv)dvo\. 

xK R 3 +i-xK 
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• In normal coordinates and with notational conventions of rela- 
tivity we have 

(Su) = -d a °u 

(n R 3+l xK u) ai a 2 ... = d ao d ao U aia2 ... + (f(R)u) aia2 ..., 

where f(R) is a linear, zeroth-order tensor that depends on the 
Riemann curvature tensor. 

• □r 3 + 1 xE' *U = *D R 3+1 xK U. 

• We have 

□r3+i xxdu = d(D R 3+i xK u), D R 3+i xK 5u = 5(n R 3+i xK u). 

The first identity is the consequence of the fact that d 2 = 0. 
This fact also implies 5 2 = which leads to the second identity 
above. 

2.4. Gauge fixing. There is an obvious gauge freedom in equation 
( 12. 3 p - if u is a solution of the equation then for any two-form w, the 
three- form u + dw is a solution as well. Therefore, we will fix the gauge 
by requiring that u satisfies 

(2.7) d*u = 0, 
which is equivalent to 

5u = 0. 

This choice of gauge is similar to the Lorenz gauge of the Maxwell 
equations, where for a one- form a one requires d * a = 0. Since we 
work with 3-forms on a product manifold, the gauge is structurally 
more complicated. We will give a proof that equation ( 12.71) is a valid 
gauge choice in the end of this section but first we rewrite the equation 
(12.91) using the gauge. We defined the Laplace(d'Alembert)-Beltrami 
operator on forms as \3 R 3+i x ku = —5d — d5^. On a product manifold, 
the operator decomposes into D]r3+i x x = Drs+i — A^,where is the 
Laplace-Beltrami operator on Q(K) (the space of differential forms). 
Thus we can rewrite the main equation (12. 3p as 

(2.8) Dr3+i xK u = —5du — d5u = *(du A du). 
Therefore, the equation (12. 3p with the gauge choice (12. 7p becomes 

(2.9) DR3+1U — Aku = *(du A du). 



We make a consistent effort to have the operator Ak be negative on Riemannian 
manifolds. With this convention 
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Let us now address the validity of the gauge choice. 

Proposition 2.1. Let F G fi 4 (M 3+1 x K). Suppose there exists a 
solution A G fi 3 (IR 3+1 x K) to the equation dA = F. Then there exists 
a solution to the system 

dA = F, d*A = 0. 
Moreover, we can choose A such that 

suppA C {(£, x) x K\(s, y, z) G suppA, \x — y\ < \t — s\} 
for t, s G R, x, y G M 3 , z G K. 

Proof. Let A be as above. Denote 5 A = e. The two-form e is the error 
we wish to eliminate by finding a two-form b such that 5 (A + db) = 0. 
We solve the equation 

(2.10) - D R 3+i xK b = 5db + d5b = e, 
We have from equation (I2.10p 

(2.11) 5A = d5b. 
We have 

D5b = 5Db = -Se = -5 2 A = 0. 

Thus 5b solves the homogeneous wave equation. We will prove that 
5b = by choosing suitable Cauchy data for b at the hypersurface 
t = 0. Our goal is to make the Cauchy data for 5b be zero. The 
Cauchy data that we prescribe for b in the normal coordinates are as 
follows: 

(2.12a) b aia2 = 0, «i, «2 = 0..10. 

(2.12b) J^ 0a = ' a = 1 - 10 - 

d 

(2.12c) 777^0102 = ~Ao ai a 2 = A a 0ct2 , OL\,OL2 = 0..10. 

at 



We check the Cauchy data for 5b at t = 

— b +V 

dt 0a dx 



This is because the Cauchy data for 6 a is zero and the function b$ a = 
for a 7^ at t = and so are the spatial derivatives. To see that the 
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time derivative of 5b at t = is zero, we employ the equation for b 
d _d 2 b 0a d d 

d d 

= - (A R3 + A K )b 0a - (SA) 0a + ^2 g^g^T b ^- 

ij, a* 

Observe that (Ar3 + Aa')&oq — since the function at t = is zero 
and we take spatial derivatives and zero order term which are linear 
in b to compute the Laplacian. The second and the third terms cancel 
because since A 00a = by antisymmetry then 

by equation (I2.12c| . Therefore 

(6b) a \ t=0 = Q 

and thus 8b obeys a homogeneous wave equation with zero Cauchy 
data, which makes it identically zero. Therefore 

5 A = 6 (A + db) = d5b = 0. 

Observe that the support of the Cauchy data for b is contained in the 
support for A and thus the statement on the support follows from finite 
speed of propagation. □ 

We now wish to prove that the gauge condition Su = persists for 
the equation (12.91) . For that we need to discuss the initial conditions. 
Since the equation is of second order, the natural Cauchy data is u\ t =o 
and -^u\t=o- If we express ( 12. 3p through the field strength F = du we 
have 

(2.13) 5F = — * (F A F). 

The natural initial condition for this first order equation is F\ t= o but 
we first need to observe that there is a certain compatibility condition 
in (I2.13p . which is not of the evolution form . For that we recall the 
notion of the interior product of a form by a vector field. Let a be an 
n-form and X be a vector field, then the interior product of a by X, 
denoted by a\ x is an n — 1 form defined by 

a \x{X\, X 2 , .., X n _x) = a(X, Xi, X 2 , ..X n _i). 

We will be interested in interior products by = Such a construc- 
tion can be simply described as freezing the first index of the form a 
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to be the zero (i.e. time) index. Thus in coordinates 

(c^J JL )aia2... ^0aia2-.." 

dt 

With this notation we prove the following observation 

Claim 2.2. The form (SF)\a_ does not contain the time derivatives of 
F. 

Proof. We will give the proof in normal coordinates. We have 

Q 10 Q 

[(fiF)}jL\aicv — (^)oaia 2 = ^"-^booioa — ~dx~.^ i0aia2 ' 

Only the first term contains the time derivative but F o aia2 = due to 
antisymmetry of F . □ 

Thus applying J a. to (I2.13P and restricting it to time t = we see 

dt 

that both sides of the equality 

(SF)\ ± \ t=0 = -[*(F AF)]\ ± \ t=0 

dt dt 

depend only on F\ t=0 so they are functions of a gauge invariant part 
of the Cauchy data and express a compatibility condition, which must 
hold in both gauge-invariant and gauge-fixed versions of the equations. 
We thus make the following definition. 

Definition 2.3. The form du\t=o is compatible if 

(5du)\ a_ | t= o = — * (du A du)\ d_ \ t =o. 

dt dt 

We now can prove that the gauge condition 5u = persists in the 
equation for the compatible Cauchy data. 

Proposition 2.4. Let u solve 

^k 3 + 1 xrU — *(du A du), 

such that Su\t=o = and du\t=o is compatible. Then 5u = for all 
times. 

Proof. We apply n M 3+i xK to 5u to see that 

nR3+i xft: (5M) = <5(n R 3+i x k) u — $ * {du A du) = *d * *(du A du) 

= *d(du A du) = 2 * (d 2 u A du) = 0. 

We check the Cauchy data: Su\ t =o = by assumption. The term 
■§^Su\ t =o vanishes because of the equation and the compatibility condi- 
tion. We prove that in normal coordinates. We have 

Odd 
(2.14) [{dSu)\ a_]ab = (d5u) 0ab = -^(Su) ab - -^{b~u)o b + -^(5u) 0a . 
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If a, b 7^ then the last two terms above are spatial derivatives of d~u 
which is zero when we compute at t — 0. Therefore, for a, b ^ 

d 

-gj;(Su) ab \t=o = [(d5u)\d_\ab\t=Q 

= [(d8u)\ e_]db\t=o = - 5du)\ 8_] ab \t=o = 

dt dt 

= {[- * (du A du) - 8du)]\ a_}ab\t=o = 0, 

dt 

where we applied the compatibility condition to conclude the last equal- 
ity. Next we assume without loss of generality that a = 0, b ^ then 
since 5 2 u = we have 

This vanishes because it is a sum of spatial derivatives of components 
of 5u which vanish at t — 0. □ 

Corollary 2.5. Let u solve the equation 

Om.3+i xK u = *(du A du) 
with Su\ t =o = and compatible du\ t =o- Then u solves 

5du = — * (du A du). 

3. Review of Hodge theory 

The objects of our study are 3-forms on IR 3+1 x K. The basic example 
of such a form would be u\\ Au± where u± is a fc-form (for k = 0,1, 2, 3) 
and tiii is a 3 — k form on R 3+1 . The action of the Hodge-Laplacian of 
K is clearly Ak(u\\ Auj_) = u\\ A (Aku±) and it extends through density 
on all the forms on M 3+1 x K. Moreover, if we use the eigenvectors of 
Ak, AkC\ = —X 2 e\, we can further decompose any form on M 3+1 x K 
as a series u(x, y) = J2\ u \{ x ) e \{y)i where a; is a variable on ]R 3+1 and y 
is the variable on K. Thus, we envision the equation being the system 
of equations on differential forms on R 3+1 which are indexed by A, in 
which case the equation will become 

Dux - \ 2 u x = B\ ,a (ux',u X "), 

A', A" 

where B's are bilinear differential operators. Thus we see that u\ for 
A = evolve under a non-linear wave equation, while u\ for A ^ 
evolve under a non-linear Klein-Gordon equation. This analysis follows 
the ideas of Metcalfe, Sogge and Stewart [9] and Metcalfe and Stewart 
[TO] , who analyze the wave equation on IR n+1 x D, where D is a bounded 
domain in R m with various boundary conditions. Their analysis splits 
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the function to eigenfunctions of the Laplacian on D with appropriate 
boundary conditions. 

In this section, we recall some properties of the eigenvectors of 
which we need for the proof. The material is taken from textbooks, [U 
section 2.1] and section 5.8]. For the rest of this section we will 
deal only with forms on K. We will continue to employ the subscript 
_L to maintain consistency. We begin with the following facts. 

Proposition 3.1. (1) The operator Ak is a differential operator 

7 

acting on the space of forms @ Q l (K) with the principal symbol 

i=0 

9ijC&Id, where g is the Riemannian metric. 
(2) The operator Ak has a self-adjoint nonpositive- definite exten- 
sion to the space of L 2 -valued forms on K. 

Denote V = X{o}(-^k),V = X{\-.\>o}(-Ak)- These are spectral 
projections on the zero-, non-zero subspace of the spectrum of — Ak, 
respectively. 

3.1. Hodge Theory. The range of Vo, i.e all the forms u> that satisfy 
Aft-a; = are called the harmonic forms. We have the following simple 
fact. 

Claim 3.2. 

d±P = 0. 

Proof. Let 5k = d* L be the L 2 (K) adjoint of d i We have the following 
characterization of Ak (see jH Definition 2.1.2)3) 

—Ak = Sxd± + d±5x = d* ± d± + d±d* ± . 

Therefore for u = VqU, we have A^w = 0. Thus 

= -(A K u, uj) L 2 (k) = (d* ± d ± ui + d ± d* ± ui, u) L 2 {K) 

= \\dM\h(K) + \\ d lu\\L2(K), 

where L 2 (K) is the space of L 2 valued differential forms on K. □ 

The full version of this claim can be found in [U Proposition 2.1.5]. It 
is the basis of Hodge theory in algebraic topology. We will not require 
any of it in this paper but we will quote the following theorem for the 
sake of beauty. 

Theorem 3.3. Every non-empty de-Rham cohomology class of K con- 
tains precisely one harmonic form. 



Our definition is the negative of [1] 
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See |ll Theorem 2.2.1] for the proof. Thus existence and properties 
of harmonic forms are connected to the topological properties of the 
manifold. For instance the sphere § 7 will have only two harmonic forms 
- the constant 0-form and the volume 7-form. The torus T 7 will have 
( 7 ) linearly independent harmonic n-forms. Observe that both of these 
statements are independent of the choice of the Riemannian metric. 

3.2. Elliptic regularity for Ak- We recall some basic regularity re- 
sults for the form Laplacian. We have the following estimates 

Claim 3.4. Let u be a form on K then 

IM|h 2 (a') < C{\\ A k uj\\ L 2( K ) + H^Hi^)). 

See [T2"l Proposition 8.1] for proof. This inequality has the following 
immediate corollaries: 

Corollary 3.5. (1) VqL 2 (K) is finite dimensional. 

(2) For every N there exists a constant Cn such that for every 
u e L?(K) 

— \\V^\\ mK) < \\VoU>\\ L ~ iK ) < C N \\V u\\ HHK) ,k< N,xe K 3 . 

Oat 

Corollary 3.6. for every N, there are constants An such that for every 
u e H n (K) 

1 « 

-;— \\V >0 uj\\h»{k) < \\{-^k) 2 u\\ L 2 {k) < A n \\V >0 u\\ h »(k), Vn < N. 
An 

See the discussion leading to [121 Equation (8.20)] for the proofs. 
The practical conclusion that we will draw from these two corollaries 
is that when measuring smoothness of the solution in K variables, we 
can ignore the question completely for u = VqU and use the (— A^-) 1 / 2 
operator for u = V^u. 

4. Linear Estimates 

In this subsection, we would like to obtain decay estimates for the lin- 
ear inhomogeneous equation. We will leverage this decay by employing 
the following subset of Klainerman vector fields: 

(4.1) f = {di, i = 0..3} n {Qij,i,j = 0..3}, 

where 



d__ _d_ 

•j 3 dx x 
d d 



Xi _ -^7 j 1 — % J ' — 3 



^oj = x - h Xi—— , 1 > i > 3 

OXi ox n 
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We augment T with the operator (— Ak) 1 ^ 2 

r = f u {{-A K ) 1/2 } = {d t ,t = 0..3} u = 0..3} u {(-A^) 1 / 2 }. 

We will index the set T by i = 1..11 and for a multi-index I = 
(Ji, J 2 , .., G {1, .., II}' 7 ' we define the composition 

t 1 = r 7l rj 2 ..r Jm . 

We will introduce some notation to simplify the presentation. We will 
denote for an integer N, an abstract vector valued function: 

r w/ = (r Q /)H<iv. 

Accordingly we will interpret the following notations 

\r^f\ = E l ra /l 

\a\<N 

and 

l|r (7V) /ll P = E \\r a f(t,x, y )\\ LP{R 3 XK) . 

\a\<N 

We will also have a similar notation for the gradients 

|vr<">/|= E El^/I+ E K- A ^) lra /I 

| a |<Af j=o 1 |a|<JV 

and 

l|vrw/|| p = E Ell^/IU^^ 

+ E IK-a^^^/iu^^) 

\a\<N 

All those norm will be taken at a certain time t, which we will drop 
from the notation when there is no ambiguity. We will fix coordinate 
patches on K, with the appropriate partition of unity. That will turn 
our objects into vector valued functions on M 3+1 x M 7 , so that we will 
apply the vector fields V simply by applying them on every component 
of u. 

4.1. Linear estimates in IR 3+1 . We recall the following estimates in 
]R 3+1 which we seek to generalize to the product case M 3+1 x K. 
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Proposition 4.1. Let w e C°°(IR 3+1 ) such that w(t,x) = 0,t < 2B 
and □jr3+i«;(£, x) — for \x\ > t — B then 

(l + t)\Vt*w(t,x)\ <\\V t , x T^w(2B,-)\\ L 2 m 

+ V sup 2 k \\T^Dw(T,-)\\ L 2 m . 

^ T€[2 k -' L ,2''+ 1 ]r\[2B,t] 

This proposition is proven in [TOl Proposition 3.1]. Although [10] 
proves it with zero Cauchy data, the estimate with non-zero Cauchy 
data is proven in the same manner. 

Proposition 4.2. Let w e C°°(R 3+1 ) snc/j that (Drs+i + l)w(t, x) = 
/or |sc| >t — B then 

(1 + t) 3/2 sup(|w(t,x)| 

+ |V t ^(t,x)|) <||V M T( 5 ) U ;(2 J B,x)|| L 2 (IR 3 ) 

+ V sup 2 fe ||r( 5 )F(r,-)||L 2 (M3), 

« [ 2 fc-l,2fc+l]n[2S,t] 

where F = (Drs+i + l)to. 

This proposition is proved in [3], Proposition 7.3.6], refining the pre- 
vious work of Klainerman [7] . 

4.2. Linear estimates in IR 3+1 x K. We turn to obtaining estimates 
for the equation 

Du — Aku = F, u(0) = uq, ii(0) = u\. 

Since the spectral projections Va commute with this equation, we will 
split the equation into two equations 

nv u = v f 

and 

DV >0 u - A K V >0 u = V >0 F } 

with the spectral projections applied to initial data as well. By elliptic 
regularity and the estimate for the wave equation, Proposition 14.11 we 
have the following estimate. 

Proposition 4.3. Let suppF(-, -,y) C {(t,x) : \t — \x\\ < 1} for every 
y G K then the solution of 

np oU = v f 
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obeys the estimate 
(l + t)\V t>x (V u)(t,x,y)\ <||V^.r( 2 )(P oM )(0,-,-)ll2 

+ J2 sup 2 fc ||r( 2 )F( s ,-,-)|| 2 . 

k s£[2 k - 1 ,2 k + 1 ]n[0,t] 

Proof. We wish to apply Proposition 14. II with B = 1. For that we need 
to switch to a new coordinate r = t + 2 then the proposition applies 
with one reservation: the vector fields in r, x, y coordinates are different 
from the vector fields in t, x, y coordinates but they are expressible in 
terms of sums of the old ones since = -fr and 

or at 

Si„M = + x, ± = (t + 2) A + s,*. = n , (i ) + 2 |. 

Thus, the Proposition 14. 1 1 applies with possibly a different constant and 
(t, x,y) vector fields to show that for every y e K 

(l + t)\V tiX (V u)(t,x,y)\ <\\V t , x {V u){0,x,y)\\ L 2 {m 

+ ^su P 2 fc ||r( 2 )(P F)( S ,-, 2/ )|| i2(M 3 ) , 



where = [2 k 1 ,2 k+1 ] n [0,t]. Apply elliptic regularity (Corollary I3.5P 
to dominate (VoF)(s, -,y) by its L 2 (K) norm. □ 

Theorem 4.4. Let u(t,x,y) solve 

(□ M 3 + i - A K )V >0 u = V >0 F, 

then 

(l + t) 3 / 2 \V >0 u(t,x,y)\ <||Vr( 9 )p >0 n(0,a;,y)|| 2 



+ V sup 2 fc ||r( 9 )p >0 F(, s ,-)|| 2 , 

^ ae[2*- 1 ,2 fc + 1 ]n[o,t] 

provided V>qF(-, -,y) is supported in {(x,t)\\t — \x\\ < 1} for every 
yeK. 

The proof of the theorem follows almost verbatim the proof of [U 
Proposition 7.3.5] with the exception of the following modification of 
[31 Lemma 7.3.4] 

Lemma 4.5. Let K be a compact manifold. Let u e Q(K) solve the 
equation 

d 2 du 

— V >0 u - A K V >0 u = V >0 F, w(0) = u , -Qjr( Q ) = u i> 
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then 

d 

\\V>ou\\l°°(k) <\\^ 2 kV > qUq\\ L 2 {k) + ||(-A k ) 3/2 ^P>oMo||l2(^) 



+ / \\A% 2 V >0 F(s, ■)\\^{K)ds. 
Jo 



Proof of Lemma \4-5[ We combine the energy estimate for the equation 
(-^ + A K )(-A K )^u = (-A K )^F, 

which is 

t 

l|AWt)|| < ||AW0)|| + / IK-A^^F^Uds 

o 

with the Sobolev embedding for a 7-dimensional manifold: 

\\V >0 u(t)\\ Lx < \\A 2 K u(t)\\ LHK) . 

□ 

We relegate the rest of the proof of the Theorem |43 to the appendix. 
We combine the two decay estimates above with the possibility to apply 
T Q which are symmetries of the equation in the following statement. 

Corollary 4.6. Let M be an integer greater then 9. Let u solve 

(□ R 3+i - A K )u = F, 

with initial data concentrated in the ball of radius 1 for every y G K 
and 

suppF(-, ■, y) C x) : \t — \x\\ < 1} 
for every y e K then the following estimate holds: 
(4.2) 

(i + t)||vr< M - 9 >p u(*)IU 

+(i + t) 3 / 2 ||vr( M - 9 )p >0 n(t)|| oo < ||vr( M >«(o)|| 2 

+ ^su P 2 fc ||rWF( S ,-)|| 2 , 

k s€lk 

where I k = [2 fc -\2 fc+1 ] n [0,t]. 
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4.3. Energy estimates. We combine the energy estimates for the so- 
lution of \3 R 3+i xK u = F with the fact that the operators T are symme- 
tries of the equation and use the notation introduced above. 

Proposition 4.7. Let u be the solution of \3^3+i xK u = F then for any 
M > we have 

t 

(4.3) ||Vr( M )n(t)|| 2 < ||Vr( A/ ) M (0)|| 2 + J \\T^ M) F{s)\\ L 2ds, 

Q 

for any M > 0. 

5. Analysis of Nonlinearity 

In this section, we will treat the bilinear form (ui, u%) h- >■ *(du\f\du2). 
Recall from Subsection 12.31 the * operator exchanges the components 
of the forms, multiplying those containing the time x° coordinate by 
— 1. The * operator loses the simple form when the metric on K is no 
longer the identity, but because of tensoriality, it will be multiplied by 
a function depending only on x 4 , ..x 10 , which due to compactness will 
be bounded above and below. Therefore, when we take L 2 (IR 3 x K)- 
norm at a certain time, we will consider *v to be L 2 equivalent to 
v. Furthermore, we will be interested in the action of T operators on 
*(du A du). Clearly, the operators which act on R 3+1 componentwise 

will commute with *. The equation f)2.6p shows that the Laplacian 

io 2 

commutes with * simply because Ak = §^ a ^ tlmt point and the 

relation is tensorial. Thus any function of Ak will commute with * 
and we have 

(-A K ) 1/2 *v = *(-A K ) 1/2 v. 
From this discussion we conclude that 

(5.1) \\^ a {*v{t))\\ L 2 {R 3 xK ) = || * Y a V ||l2( M 3 xX ) = ||r a w|| L 2( K 3 x ^), 

for any multi-index a, time t, with constants which depend only on the 
manifold K. 

5.1. The splitting of the nonlinearity. Recall that the operator d 
splits into d — d\\ + d±. Also any form u on M 3+1 x K can be written 
as u = Vou + V^u. Therefore, we can write 

(5.2) 

*(du Adu) =* + d ± )(V u + V >0 u) A (d\\ + d ± )(V u + V >0 u))\ 
= * (d\\Vou A d\\Vou) 

+ 2 * (d\(P u A dV >0 u) + *(dV >0 u A dV >0 u). 
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where we used that d±Vo = 0, which is the content of Claim 13721 With 
this we proved the following splitting of the nonlinearity: 

Claim 5.1. Let Ui,u 2 be differential 3-forms on K 3+1 x K. Denote 
B(V Ui,V u 2 ) = *(d||7 7 Mi A d\iV u 2 ), 
C(V u 1 ,V > ou 2 ) = *(d\(P u 1 A dV >0 u 2 ), 
D(V >a u u 'P > oU 2 ) = *(dV >0 u A dV >0 u). 

Then 

*(du A du) = B(V u, V u) + 2C(V u, V >0 u) + D(V >0 u, V >0 u). 
5.2. The basic estimate. 

Proposition 5.2. Let F be any of the forms B, C, D defined in Claim 
15.11 or the total nonlinearity which is B + 2C + D. Let N be a positive 
integer. Then there exists a constant k such that for any M < N we 
have 

\\r^F(v l} v 2 )\\ 2 < ||vr(f VlUlvr^V 1 



pill v ^ i^llgi 

+ ||vr( A % 1 || (?2 ||vr(f^|| P2) 

where — + — = k, 2 < Pi, Oj < oo. 

Pi Qi 2 ' 

Proo f Choose a coordinate patch x l ,i = 4. .10 for K. Then de Rham 
differentials d, d±,d\\ can be written as Oj^- for cij which depend only 

on x z , i > 4. Thus we need to estimate an expression of the form 

1 = E ^J^^)' 

Observe that all the operators in T besides (-A^) 1 / 2 are vector fields 
and thus obey Leibniz's rule. So assume first that in the composite 
operator T a there are no (— A^-) 1 / 2 operators. We treat the Hodge 
dual * as a constant coefficient operator, which only permutes between 
different components. Next, we employ the Jacobi identity to write / 
as 

E ^"E^; ra '(^) ra "(^)> 

a'+a"=a i,j=0 1 3 

where C a i a ii are constants. Observe that Tj commutes with for 
i > 4 and for i, j < 4 we have 

d Odd d d 

&>0j] = ^OfcTj 1" $jkT{ > [ n ) ^ij] = &ik' 



ra^ ax ox k ox k oxj 
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Thus we commute with T's to get 

10 F) f) 

' = E E^t^O^r^), 

\p'\+\p"\<M i,j=0 1 j 

for some constants Cpipuj. In the expression above only one of the 
| can be larger then M/2. We split the sum accordingly 

E E i^fvi 

|/3'|<f ,i % \P"\<M,j 1 

+ \-^—T a 'v i i d r^'u i 

\P'\<M,i 1 |/3"|<f ,j 3 

We then obtain the required estimate by applying the L 2 norm to |/| 
and using the appropriate Holder inequalities. 

In case T a contains k (— A^) 1//2 operators, we note that (— A^-) 1 / 2 
commutes with all the other T operators as the rest of F operate on 
R 3+1 only. By elliptic regularity 

||/|| = \\(-A K )-ir a 'F\\ < \\V >0 T a 'F\\ Hk{K) < \\T a 'F\\ HHK) 

□ 

Now H k (K) norm obeys a Jacobi's "inequality", which is a primitive 
form of the Kato- Ponce estimates, see [6], p31 Chapter II, Prop. 1.1] 
and thus the rest of the proof proceeds in a similar fashion. 

5.3. Null form. Continuing with the notation of Claim I5\T| we need 
the observation that B(VoUi,Vou 2 ) = *(d\\PoUi Ad\\Vou 2 ) is a null form 
and the estimates that follow from it. 

Proposition 5.3. The bilinear form B(ui,u 2 ) = *(d\\Ui A dnoo 2 ) is a 
null-form 

We will give two proofs of the proposition. 

Fourier. It is enough to compute B(coi,co 2 ) for Ui = Ait tkiX for two 
parallel null-vectors, with A\ being constant. If B(ui,u 2 ) vanishes in 
such a case then B is a null-form. But 

B{u u u 2 ) = *(ki A A x A k 2 A A 2 )e i{kl+h2)x . 

When two vectors in the wedge product are parallel - the wedge product 
vanishes. Thus 

B(u)i,u) 2 ) = 0. 

□ 
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Coefficients. Let 

./i == Aijfcdec idee j dec ^ 



and 
Then 



B Bi mn dxidx rn dx n . 



dAij k 

d 1 1 y\ — ~ dec T) dec ^ dec j dec ^ - 
dx p 

d\\B = lmn dx s dxidx m dx n . 
ox« 



Therefore 



Thus 



Since 



d\\A A d\\B — % i k lmn dx v dxidxndxkdx s dxidx m dx n 

II II dXp dXg v 

~ I dec g dec <i dec j dec ^ dec rp dec i dec yi% dec ^ 

dx s dx p 

r dAijkdBi mn dAijkdB[ mn a a a a a a a 

— — — — ) (XX pClX i&X j (XX fcdX S (IX \(XX m (XX r< 

ax p ox s ox s ox p 



*d\\A A d\\B = - 3 J - - 3 ' 

OXp ox s ox s ox p 

* (dx p dxidx jdxkdx sdxidxmdxn) . 

d-A-ijk OBi mn OAijk OBi mn 
dx p dx s dx s dx p 



is a null-form, *d\\A A d\\B is a null-form. Observe that we needed 
to assume that only dx p and dx s are co- vectors on IR 3+1 ; all the other 
indices could have belonged to either K or M 3+1 . In order to see that the 
sign in front of the second term is negative, we count the transpositions 
needed to transform 

uj ^ — dec g dec ^ dec j dec ^ dec p dec i dec dec ^ 

to 

Cc^2 — djtC p dec ^ doc j diec d>ec g doc i dec diec ^ 

one needs four to bring dx p to the front and then another three to bring 
dx s behind dxidxjdxk therefore there are 7 transpositions in total and 
the sign is minus, ou 1 = —U2- □ 
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Denote 

(5 3) Q if g) = —— - —— 

v dx { dxj dxj dx { ' 

As the proof of Proposition 15.31 shows the form B(u\,U2) = *(d\\ui A 
d\\0J2) is the sum of the forms Qij applied to different components. We 
have the following estimate 

Lemma 5.4. 

\QM9)\ < C^- t (\Tf\\V x , t g\ + \V x , t f\\Tg\.) 

Remark. The proof is taken from [U Lemma 1.1]. We reproduce it 
here to stress that we have the estimate involving only vector fields T 
and not the full set of Klainerman vector fields, which includes the 
radial scaling field x ^- + .. + x 3 ^-. 

Proof. We have 

d Xi d 1^ , n n 

-r — — — 77 1" 7"0i) i = 1,2,3, 

ox i t ox t 

Thus we have for i,j > 1 

Qij(f,g) = \\-^r n v9 + ( Q oif^- - n oj f^-)]. 



For % = 0, we have 



□ 



We wish to prove a variant of the basic estimate specialized to the 
null form. 

Proposition 5.5. 

\\T^B(v,v)h < T^7(H r(f +1) ^IUHVrW 

+ \\t^%uvt^v\Q, 



v\\ qi 



Proof. The bilinear form B is a linear combination of the forms Qij. 
The forms Qij are preserved under applications of the V operators (with 
the exception of (— A^) 1//2 ) because of the following formula which ap- 
pears in [H Lemma 1.2] and which can be obtained by direct calculation 

(5.4) ttapQ-fsif, g) = Qts&apf, g) + Qjsif, tt a pg) + Q(f, g), 
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where 

Q(f, 9) = m ai Qp S (f } g)-m M Q aS (f, g)+m aS Q M (f, g) +m ps Q on {f, g), 

where m Q( g are coefficients of the Minkowski metric. Thus we apply 
Lemma EH and after grouping the multi-indices with order less then 4^ 
and applying the Holder estimates we get the result like in Proposition 
15.21 . For (— A^-) 1 / 2 we apply Kato-Ponce estimates. □ 

6. Proof of Theorem 11.11 

To prove the theorem we seek to establish the following apriori 
bounds for the solutions of (II. lft : 

(6.1a) (l+t)- s \\VT^u(t)\\ 2 <e, 
(6.1b) \\VT^ N -^u(t)\\ 2 < e, 

(6.ic) (i+t)||vr( Af - 18 )p w(t)l|oo+(i+t) 3/2 ||vr( Af - 18 )p >0M (t)|| oo < e, 

where 5 is smaller then ^. 

Any of the global in time estimates above implies uniqueness, exis- 
tence and well-posedness for the semilinear wave equations by employ- 
ing the local theory which is explained in [TH Chapter 2] or [31 section 
6.2]. We will prove the estimates by bootstrapping. Namely, we will 
prove that ( 16. II) imply 

(6.2a) (l + t)- s \\VT^u(t)\\ 2 <^, 

(6.2b) ||vr^- 9 )«(t)|| 2 <|, 

(6.2c) (i+t)||vr( iV - 18 )pow(t)l|oo+(i+t) 3/2 ||vr^- 18 )p > o M (t)||oo < |, 

i.e. the right-hand side can be made | instead of e. Thus our goal is 
to establish the following statement. 

Proposition 6.1. Let N be an integer that satisfies 

N 

(6.3) y<iV-18. 

Then there exists e > small enough such that, for every T > 0, if a 
solution u to the Cauchy problem ( fl.ij) with initial data that satisfies 

(6.4) lir^tioiia + nr^-Vll <~, 

such that Uo(-,y),Ui(-,y) are localized in a ball of radius 1 for every y G 
K and if the inequalities \6.1a\) , I6.1ty , Ii6.1c\) hold for every < t < T 
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then the inequalities ( Ql 2a\) . (6.2b\) . ( fg. 2c\) hold for every < t < T, 

where 5 is a positive exponent which depends on e and is smaller then 
j_ 

12 

Remark. There are two considerations that affect the smallness of e. 
One is that we will see that we can replace e in the right-hand side of 
(OOP by | + ke 2 , where k is will an apriori computable constant that 
depends only on N and the geometry of the manifold K. Thus we will 
need to decrease e to achieve the inequality 

Another consideration is that the exponent 5 depends linearly on t, 
5 = Ce with C depending on N and the geometry of K . We have to 
decrease e so that 5 = Ce < j^. 

We prove the implication (I6.2ap in the next lemma, while the impli- 
cations (16.2bj) . fl6.2cp are proved in Lemma [631 

Lemma 6.2. Under conditions of Proposition \6~l\ Ii6.1c\) implies W. 2a\) . 

Proof. We use the energy estimate for the equation DT^u = (*duA 
du). 



(6.5) 



t 

\VT w u(t)\\ 2 <\\T w Vu(0)\\ 2 + j \\T {N) *duAd U (s)\\ 2 ds. 



We now use the Proposition 15.21 to estimate the nonlinearity. We have 

\\rw * du a du(s)|| 2 < cyvr^f ) u || 00 ||vr( Jv ^|| 2 . 



Since y < N — 18 we employ the assumption (16. left in equation (16.5 
to conclude 



t 



||vrw«(t)|| 2 <! + J ^-\\vr^ u (s)hds. 



After applying Gronwall inequality we conclude 

\\VT^u(t)\\ 2 <^(l+tf\ 
which is the required inequality. □ 

We require the following interpolated intermediate result. 
Claim 6.3. Let 2 < p < oo then: 
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(1) Assumptions l\6.1a\) and ^6.1c\) imply 
(6.6) 

(1 + t ys + i-l || vr(iV -9)p oU || p + (1 + ^-Wd-D || vr( ^_ 9)p>oU || p < £ 

(2) Assumptions 16. 1 b\) and Ii6.1c^) imply 
(6.7) 

(i + t )-i+f || vr^- 18 )^!!, + (i + t) "3/ 2 (i-| )||vr (iv-i 8 )^ >oW |^ < e 

Proof. Obviously, the estimate for sum with more derivatives is true 
for the sum with less derivatives and thus we will interpolate between 
equation (I6.1bj) and equation (16. left to get the second conclusion. To 
prove the first point, we use the following intermediate result, 

(6.8) (i+t)- 5+1 ||vr( Af - 9 )p 0M || oo +(i+t)- 5+3 / 2 ||vr( iV - 9 )p >0M || oo < e. 

By interpolation, of equation (16.81) with equation (I6.1al) we have 

(1 + ty 5+1 -l || VT^V u\\ p + (1 + t)-*+W-t> || VT^V >0 u\\ p < e . 

To establish (16.81) we use equation (14. 2 p 

(l + ^livr^-^iu 

+(i + t) 3 / 2 ||vrWp >oM ||oo<||r( Ar -%(o)|| 2 

+ ^ sup 2irWp(T))|| 2 , 

— r€l n 

where I n = [2 n_1 , 2" +1 ] n [0, t] and F = *(duA du). We use Proposition 
15.21 and combine it with the assumptions to get 

\\r^F(r)\\ 2 = \\T^*duAdu(r)\\ 2 < C\\VT& MU\ VT^u\\ 2 
Therefore, 

(i + t)||vr^- 9 ^o«IU 

+(i + ^^nvr^^oniu <||r^~ 9 )n(o)|| 2 

+ V sup e2 n r- 1+5 

n T&[2^- 1 ,2"+ 1 ]n[0,t] 

<i + ke 2 (l + t) 5 , 

which proves (I6.8p . □ 



To complete the proof of Proposition 16.11 we analyze the equation 

□ R 3+ lxA ^-% = r^- 9 ) * du a du. 

We estimate the right-hand side of the equation in the following lemma. 
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Lemma 6.4. Under assumptions ( E la\h f6-lb\) . ftTTdl) we have 

||r^- 9 ) * du A du(t)\\ 2 < e 2 (l + t)' l ^ +2S . 
Proof. Recall the splitting of the nonlinearity in Claim I5TTI and denote 
(6.9a) B(t) = \\T^B(V u(t),V u(t))\\ 2 , 

(6.9b) C(t) = \\T^C(V u(t),V >0 u(t))\\ 2 , 

(6.9c) D(t) = \\T^D(V >0 u(t),V >0 u(t))\\ 2 . 

To prove the lemma, we will obtain the bound above for B(t),C(t),D(t). 
Estimate for Bit): To estimate B(t) we use Proposition 15.51 to 

get 

(6.10) \\T^B(V u,Vou)\\ 2 <-^(\\T^V uUVr^V u\\ 3 

+ \\T^V u\U\\VT^V u\\ 3 ). 

We wish to use the homogeneous Sobolev embedding in M 3 . 
Thus, we have for every y G K, 

\\T^Vou(t,;y)\\ L e iRS) < \\VT^V u(t,;y)\\ L 2 m . 

Next we employ the compactness of K to see that the L 6 (K) 
norm of VqT^u is dominated by the L°°(K) norm. At the 
same time, elliptic regularity shows that the L°°(K) norm of 
"PoVr^w is dominated by its' L 2 (K) norm. Therefore 

(6.11) ||r<T +1 ^v u\\ 6 < \\r^v u\\ 6 < ||vr<"- 8 >«|| 2 < ke(i + 1) 5 , 

by (J6U) and the fact that f < N - 18. Employing fH) again 
we have 

(6.12) ||vr^-%|| 6 <e(l + t) 5 ~i 

Also equation (16 .7p implies 

(6.13) ||Vr^7> «||s < HVT^-^^ottlla < e(l + 
Thus, applying fIBTTT]) . fl6TT2|) . flBTTB]) on flBTTUj) we have 

(6.14) B(t) = \\r^ N ~^B(V u,Vou)\\ 2 < fce 2 (l+t) 25 -5-i. 

Estimate for C(t): For C(t) we have the following estimate. We 
use Proposition 15.21 to see that 

||r<"- 9 >C(P t*,^)|| a < WVT^VouUVT^V^uW^ 

+ \\vr^v uh\\vr^v >0 u\\ 6 . 
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By equation ( 16.71) 

||Vr(T)p oU || 3 < e (l +t)~s 

and by (16.61) 

\\VT^V >0 uU<e(l + t) 5 -\ 

For the second summand, we will use the bootstrap assumptions 
( 16.1bj) and f)6. lcj) . Thus we get 

(6.15) C{t) = \\T^C(V u,V >0 u)\\ 2 < ke 2 ((l + t) 6 '! + (1 + 
Estimate for D(t): Lastly, we estimate D(t). We have 

\\T^D(V >0 u,V >0 u)\\ 2 < k(\\VT^) V>0 u\U\VT^V >0 u\\ 2 ), 
which according to the bootstrap assumptions satisfies 

(6.16) D(t) = \\T^D(V >0 u,V >0 u)\\ 2 < he 2 ' 



We combine ( 16 . 14[) . ( 16TT5|) . ( 16 . 1 6"|) to obtain the required estimate. □ 

We are now ready to complete the proof of the Proposition 16.11 in 
the following lemma. 

Lemma 6.5. Under the conditions of Proposition W7l\ the assumptions 
(E3$ , @Jfy , tfn3t imply l6M ). l6Jc\) 
Proof. We analyze the equation 

(6.17) n R3+ i xK T iN -^u = T (N - 9 \*du A du). 

First apply the energy estimate to get 

t 

\\T {N ' 9) u(t)\\ 2 <\\Y {N - 9) u(t)\\ 2 + [ \\T {N - 9 \*duAdu)(s)\\ 2 ds 



o 



o 

where we used Lemma 16.41 and the assumptions. This establishes 
(I6.2b|) . To address (I6.2c|) . apply ( 14. 6 p to equation (I6.17P to get 

(i + *)||vr^- 18 )p «(*)l|oo 

+(i + t) 3 / 2 ||vr^ 18 )p >oM (t)||oo 

< ||vr^- 9 )Po«(o)|| 2 

+ ||^su P 2"r^- 9 )(F( S )))|| 2 , 



26 



B.ETTINGER 



where I n = [2 n ~ 1 , 2" +1 ] n [0, t] and F = *du A du. Since 



by Lemma [6.41 we have 

(i + t)||vr^- u Wt)||oo 



+(i + ^^llvr^-^^ou^Hoo < J + fc Yl 2V2-^ 1+ A) 

n<C log t+1 

which establishes f)6.2cp and completes the proof. 
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Appendix A. Proof of the theorem 14.41 

We will denote r = t + 2. We will again employ operators T in r 
variable, which are different from the operators in t variable but can 
be expressed as a linear combination with coefficients independent of 
u. See proof of Proposition 14.31 for details regarding this substitution. 
We will use the following statement 

Proposition A.l. Let g be supported in {(r, x);T/2 < t < T, \x\ < 
t}. Denote 

M(p)= sup \g(r,x)\ 

T 2 — \x\ 2 =p 2 

then 

T 2 ! M{p 2 fpdp <CJ2[ |f^(r,x)| 2 rfrrfx. 

W<§ 

The proof of this statement is given in [H Lemma 7.3.1]. Let u solve 

d 2 u d 2 u 
nu-A K u = — -}^ 3^ - A K u = F. 

i=i * 
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Introduce the hyperbolic polar coordinates (t,x) = poo,p = (r 2 — 
|x| 2 )2,a; G S> 2 . Then the equation becomes 

d 2 u 3 du 1 

a - ? + "q = ~^^HU + f, 

op A p op p z 
where is the Laplacian on the hyperbolic space. We have 

% L k,j K J 

3 

Thus v = pzu obeys 

0-A^ = p 3 / 2 (p- 2 (A^ + 3^) + F). 
We decompose the right-hand-side dyadically in time. Let x be a 

oo 

smooth function, supported on [~, 2] s.t. x(^) = 1- Denote 

fc=— oo 

/fe = X(^)F, u k = x(^)(A if w + n(n-2)|) We apply the Lemma S3J 

We have 

(A.l) 

p 

\v(p,u,y)\<^2 J P 3/2 (P~ 2 \\ u k(p,u,-)\\ H 4 {K) + \\f k (p,u,-)\\ H 4 (K) ) 

k 

We wish to estimate u(r,x), thus we need to estimate the sum of the 
integrals above. Denote M k (p 2 ) = sup \\f k (p,uj, -)\\h*(K) then we have 



P^\\fk\\H*(K)dp < [ M k (p) 2 pdp f p 2 dp. 

Jo Jo 



We have 2 k 1 < t < 2 fe therefore i < CL < C== in the support of u. 
Thus 



■3o3fc 

p 2 dp<C^ A 



,P 3 2 3 



T 

According to Proposition IA.ll we have 



/ M k (p 2 )pdp<2- 2k Cj2 ! iT'Wh^xrWdrdx 
J \i\<V 



<2- 2k Cj2 J J iT'A^hfrx^dTdxdy 

l^l<fr<r K 
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Therefore, we have 

pV 2 \\f k (p,u,-)\\ HHK) 
2-2 p^ 2 



2^p ' f f 

< _ 3/2 E / / IT 1 A 2 K f k (r, x,y)\ 2 drdxdy 



\I\<22 k - 1 <r<2 k K 



<^iE sup ||r^(r, v )||. 

T ' ~Z: 7 T€{2 k -\2 k +i}nl2B,T] 



, <7 Te{2 k - 1 ,2 k + 1 ]n[2B,r] 

To deal with the first term on the right-hand side of equation (1A.1I) . we 
repeat the argument in pH Lemma 7.3.4] verbatim, to get the estimate 

/ p~ 3 IK||h4 < __ sup ||f J «(t,-)||ff«(jf)- 
7 r l/l<f 2B -* 

We use the energy estimate to bound this expression by the estimate 
( 1A.2I) and the initial energy to get after summation in k 

_3 

Au\ = m < S- E (E ii r/r ^°ii + E 2 * su p ii^/mii) 

' |7|<6 t k z ^t^z 

Dividing by = — 2 — 5- completes the proof. 
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